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Tables of Generqa of Groups of Linear F ractional
Transformations®

Harriet Fell, Morris Newman, and Edward Ordman
(October 29, 1962)

The genera of the groups I, (n), T*(n) together with certain associated number-theoretic
functions are given for 1 <n<1000.
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of G map the upper 7 half-plane onto itself, and the i
points of this half-plane are partitioned into equival-
ence classes modulo G. A set, of points consisting of
one point from each equivalence class is termed g
Jundamental set, and if @ is of finite index in I' there
1s & simple way of selecting a standard fundamental
set I, which is fully described in Ford’s book [1] !
or in Gunning’s book [3]. The set R is commonly
called a fundamental region. After appropriate
identifications of sides and vertices are made R be-
comes a surface whose genus g plays a central role in
the study of @.

where (d:g) denotes the greatest common divisor of

d and :—Z; and ¢ is the Euler function. Then »(n) is

the number of inequivalent elliptic vertices of period
3 of the fundamental region R, of Ty(n), va(n) the
number of inequivalent elliptic vertices of period 2
of B,, u(n) the index of To(n) in T, and ¢4(n) the num-

er of inequivalent parabolic vertices of B,. The
genus go(n) of Ty(n) is then
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extensively and among the congruence subgroups
the (nonnormal) subgroups T, (n) are of primary
importance. These are defined for every natural
number n as the totality of substitutions (1) where a,
b, ¢, d are rational integers, ad—be=1, and ¢=0
(mod 7).

If the substitution

Furthermore let, h(—4n) denote the number of
classes of primitive positive binary quadratic forms
of discriminant —4n, and set

2n=7(mod 8)
8, = §n53(mod 8),n>3

is adjoined to Lo(n) the larger group so obtained (in L1 otherwise.
general not a subgroup of T) is donoted by T'*(n).
Formulas for the genera go(n), g*(n) of To(n), T*(n),
respectively, have been given by F. Klein [6], E.
Hecke [4,5] and R. Fricke [2]. Denote the number

of solutions of the congruence

’—r4+1=0 (mod n), 0<2<n—1 2)

Then the genus g* (n) of T* () is given by
") =3 o(0)+ 2L 5.4 (—an)
4 2 o5 O :

In this article we give the actual numerical values
of go(n), g*(n) for I1<n<1000 together with the
values of the associated functions »,(n), v(n), u(n),
9o(n), h(—4n). These were computed on the IBM
7090 of the NBS in a negligible amount of time.
The resulting tables are of considerable interest
however and should prove useful in many number-

by »(n), and the number of solutions of the con-
gruence
—_—

*The computation of the tables was carried out by the first and third authors
at the suggestion of the second author, as a summer Droject at NBS., The work

Wwas supported by the Office of Naval Research,
! Figures in brackets indicate the literature references at the end of this paper.

61



theoretic investigations, as well as in the study of the
groups I'y(n), T*(n).

We say some words about the computation of
the tables. The functions »(n), vo(n) were computed
directly as the number of solutions of the con-

gruences (2), 3) respectively. It is easy to give

closed expressions for n(n), v(n) however. These
are
02|n or 9n
= 4
n(n) H(l —l—(—§>> otherwise, S
gln q
0 4|n
vy (n)= (5)

I

(1 —l—(—-é)> otherwise.
gin q

We see that (4) and (5) imply that for n>>3, nn)
and »(n) can take only 0 or powers of 2 as values.
This provides an excellent check on the computa-
tion of »(n), ().

The function u(n) is
function of m with easily co
prime powers. In addition,
satisfies

a multiplicative arithmetic
mputed values ab the
if ¢ is a prime u(n)

_ [qu(n) g
p(ng)= { (g_{_ Dum) otherwise. ©)

Relationship (6) provides an efficient and easily
applied check on the computation of u(n). Similar
remarks apply to the function oo(n).

The class number h(—4n) was computed as the
number of solutions of the system

h2—4ac=—4n
((l,b,C)—:l
—a<b<alcor0< b<a=c.

()

n was provided by

A check on the computatio )
It is not diffi-

determining the parity of h(—4n).
cult to show from (7) that
h—4n)=U®)+ V(n) (mod 2),

U(n)=%‘,1

(d,%>=1
az<ln
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.
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where
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d+%
2

= (10)

d+% 2(mod 4).
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From (9) and (10) it follows for example that for
n>1, n=1(mod 4) h(—4n) is even. For n=3 (mod
4) h(—4n) is even if n is not a prime power and odd
if # is a prime power. Another excellent check
arises from the fact that for n=3 (mod 8), n>3,
h(—4n) is divisible by 3.

A different type of check is available from the
relationship

s (-4}

where f>1, f=1, 2(mod

The computation of go(n) was checked by comput-
ing 12 go(n) and verifying the divisibility of 12
go(n) by 12. The computation of g*(n) was checked
by the fact that always, g*m)<¥gn). In addition,
R. Fricke gives in [2] the first 50 or so values of
go(n), g*(n) and these agree with the values given

4) and square-free.

here.

n v (n) va(n) p(n) co(n) | h(—4n) | go(w) l g*(n)
1 1 1 1 1 1 0 0
2 0 1 3 2 1 0 0
3 1 0 4 2 1 0 0
4 0 0 6 3 1 0 0
5 0 2 6 2 2 0 0
6 0 0 12 4 2 0 0
7 2 0 8 2 1 0 0
8 0 0 12 4 2 0 0
9 0 0 12 4 2 0 0

10 0 2 18 4 2 0 0

11 0 0 12 2 3 1 0

12 0 0 24 6 2 0 0

13 2 2 14 2 2 0 0

14 0 0 24 4 4 1 0

15 0 0 24 4 2 1 0

16 0 0 24 6 2 0 0

17 0 2 18 2 4 1 0

18 0 0 36 8 2 0 0

19 2 0 20 2 3 1 0

20 0 0 36 6 4 1 0

21 2 0 32 4 4 1 (1}

22 0 0 36 4 2 2 1

23 0 0 24 2 3 2 0

24 0 0 48 8 4 1 0

25 0 2 30 6 2 0 0

26 0 2 42 4 6 2 0

27 0 0 36 6 3 1 0

28 0 0 48 6 2 2 1

29 0 2 30 2 6 2 0

30 0 0 72 8 4 3 1

31 2 0 32 2 3 2 i}

32 0 0 48 8 4 1 0

33 0 0 48 4 4 3 1

34 0 2 54 4 4 3 1

35 0 0 48 4 6 3 0

36 0 0 72 12 4 1 0

37 2 2 38 2 2 2 1

38 0 0 60 4 6 4 1

39 2 0 56 4 4 3 0

40 0 0 72 8 4 3 1

41 0 2 42 2 8 3 [}

42 0 0 96 8 4 5 2

43 2 0 44 2 3 3 1

44 0 0 72 6 6 4 1

45 0 0 72 8 4 3 1

46 0 0 72 4 4 5 2

47 0 0 48 2 5 4 0

48 0 0 96 12 4 3 1

49 2 0 56 8 4 1 0

50 0 2 20 12 6 2 0

51 0 0 72 4 6 5 1

52 0 0 84 6 4 5 2

53 0 2 54 2 6 4 1

54 0 0 108 12 6 4 1

55 0 0 72 4 4 5 1
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n vi(n) va(n) n(n) ao(n) go(n) g*(n) vi(n) va(m) ao(n) | h(—4n)
216 0 0 432 10 0 8
217 4 0 256 4 8 0 12
218 0 2 330 4 11 0 10
219 2 0 296 4 8 0 12
220 0 0 432 12 14 4 16
221 0 4 252 4 6 0 16
222 0 0 456 8 15 0 9
223 2 0 224 2 6 0 16
224 0 0 384 16 9 0 12
225 0 0 360 24 8 0 8
226 0 2 342 4 12 0 19
227 0 0 228 2 5 0 8
228 0 0 480 12 16 2 8
229 2 2 230 2 7 2 26
230 0 0 432 8 12 0 12
231 0 0 8 9 0 10
232 0 0 8 13 2 10
233 0 2 2 7 0 12
234 0 0 16 15 0 10
235 0 0 4 10 0 16
236 0 0 6 10 0 20
237 2 0 4 10 0 8
238 0 0 8 15 0 12
239 0 0 2 3 0 12
240 0 0 24 17 4 12
241 2 2 2 7 0 22
242 0 0 24 9 0 12
243 0 0 18 7 0 8
244 0 0 6 12 0 24
245 0 0 16 8 0 8
246 0 0 17 0 9
247 4 0 8 0 18
248 0 0 29 11 0 8
249 0 0 27 11 0 12
250 0 2 28 12 0 18
251 0 0 21 4 0 16
252 0 0 37 17 2
253 0 0 23 11 2 14
254 0 0 31 12 0 18
255 0 33 11 0
256 0 2L 28
257 0 21 7 12
258 41 19
259 23 8 20

261 21 11
262 32 15
263 22 5
264 41 17 2

273 33 15

274 33 14 2
275 25 8
276 43 18 20
277 22 10 4
278 34 14 24
279 29 12
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287 x 2
288

289 17 8
290 41 20
201 31 8
292 3 of
293 4

294 41 P 2
205 29 0 12
206 35 2 4
297 31 0 4
298 36 0 2
299 27 0 32
300 \ 43 0 8
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vi(n) va(m) win) ‘ ao(n) \ h(—4n) | go(n) g*(n) n w1(n) ve(n)
0 0 840 6 18 63 30 641 0 2
0 2 558 2 18 46 19 642 0 0
0 0 1152 16 16 89 41 643 2 0
4 0 616 4 16 49 17 644 0 0
0 0 1152 2% 24 85 37 645 | 0 0
0 0 864 8 16 69 31 646 | 0 0
0 2 846 4 3 69 33 647 0 0
0 0 564 2 27 47 15 a8 | 0 0
0 0 1152 12 16 91 42 649 0 0
0 4 684 4 12 55 25 650 0 4
0 0 852 4 30 70 28 651 4 0
0 0 864 2% 12 61 25 652 0 0
0 0 864 3 8 69 33 653 0 2
0 2 570 2 32 47 16 654 0 0
0 0 1440 16 16 113 53 655 0 0
2 0 572 2 15 47 19 656 0 0
0 0 1008 12 2 79 35 657 0 0
0 0 768 4 16 63 2 658 0 0
0 0 1008 8 16 81 37 659 0 0
0 0 720 12 18 55 19 660 0 0
0 0 1152 48 16 73 23 661 2 2
2 2 578 2 8 47 22 662 0 0
0 2 918 36 16 59 26 663 0 0
2 0 776 4 2 63 2 664 0 0
0 0 1080 12 16 85 9 665 0 0
0 0 672 4 28 55 21 666 0 0
0 0 1176 8 16 95 44 667 0 0
0 0 648 4 8 53 23 668 0 0
0 0 888 8 32 71 28 669 2 0
0 0 1008 16 16 71 35 670 0 0
0 2 882 4 18 72 32 671 0 0
0 0 588 2 a1 49 18 672 0 0
0 0 1344 48 12 89 42 673 2 2
4 0 610 4 16 51 22 674 0 2
0 0 1080 8 20 87 39 675 0 0
0 0 792 4 2 65 22 676 0 0
0 0 912 12 3 71 34 677 0 2
0 2 594 2 24 49 19 678 0 0
0 0 1206 2% 24 97 43 679 4 0
0 0 864 8 12 69 31 680 0 0
0 0 900 6 28 73 30 681 0 0
2 0 800 4 12 65 30 682 0 0
0 0 10C8 8 8 81 39 683 0 0
0 0 600 2 2 50 13 684 0 0
0 0 1440 48 16 97 45 685 0 4
2 2 602 2 20 49 20 686 0 0
0 0 1056 8 2% 85 37 687 2 0
0 0 816 8 12 65 20 688 0 0
0 0 912 6 14 74 34 689 0 4
0 0 792 2 2% 55 22 690 0 0
0 0 1224 8 12 99 47 691 2 0
2 0 608 2 13 50 19 692 0 0
0 0 960 16 2% 73 31 603 0 0
0 0 960 8 16 77 35 694 0 0
0 4 1116 8 12 89 42 695 0 0
0 0 672 4 30 55 18 696 0 0
0 0 1206 2 16 97 45 607 0 4
2 2 614 2 10 50 23 698 0 2
0 0 924 4 34 76 30 699 0 0
0 0 1008 8 2 8L 31 700 0 0
0 0 1152 16 16 89 41 701 0 2
0 2 618 2 12 51 23 702 0 0
0 0 1248 8 12 101 13 703 4 0
2 0 620 2 15 51 21 704 0 0
0 0 1152 12 2% 91 ) 705 0 0
0 0 864 12 2% 67 28 706 0 2
0 0 936 4 12 77 36 707 0 0
0 0 720 4 2 59 19 708 0 0
0 0 1344 % 16 101 47 709 2 2
0 2 750 30 10 48 22 710 0 0
0 2 942 4 36 77 30 711 0 0
0 0 960 8 12 77 35 712 0 0
0 0 948 6 12 77 36 713 0 0
0 4 684 4 36 55 19 714 0 0
0 0 1728 32 16 129 61 715 0 0
2 0 632 2 13 52 20 716 0 0
0 0 960 8 16 77 35 7 0 0
2 0 848 4 20 69 30 718 0 0
0 2 954 4 14 78 36 719 0 0
0 0 768 4 30 63 2 720 0 0
0 0 1296 12 2 103 47 721 4 0
4 0 784 16 12 57 26 722 0 0
0 0 1080 8 20 87 39 723 2 0
0 0 864 8 14 69 28 724 0 0
0 0 1152 32 16 81 37 725 0 4
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n ni(n) w(n) | w@ | oo(n) |h(—4m) | goln) l g*(n) n »(n) »a(n) } wn) | oo(n) } h(—dn) \ o) | g*(m)
896 0 0 1536 32 32 113 49 961 2 0 992 32 16 67 30
897 0 0 1344 8 16 109 51 962 0 4 1596 8 28 129 58
898 0 2 1350 4 12 111 53 963 0 0 1296 8 18 105 47
899 0 0 960 4 42 79 26 964 0 0 1452 6 24 119 54
900 0 0 2160 72 16 145 69 965 0 4 1164 4 44 95 37
901 0 4 972 4 24 79 34 966 0 0 2304 16 24 185 87
902 0 0 1512 8 28 123 55 967 2 0 968 2 11 80 35
903 4 0 1408 8 16 113 49 968 0 0 1584 48 20 109 50
904 0 0 1368 8 16 11 52 960 0 0 1440 3 24 117 53
905 0 4 1092 4 24 89 39 970 0 4 1764 8 12 143 69
906 0 0 1824 8 28 149 68 971 0 0 972 2 45 81 2%
907 2 0 908 2 9 75 35 972 0 0 1944 54 18 136 84
908 0 0 1368 6 30 112 49 973 4 0 1120 4 12 91 43
909 0 0 1224 8 28 99 43 974 0 0 1464 4 36 121 52
910 0 0 2016 16 16 161 77 975 0 0 1680 2% 16 129 57
911 0 0 912 2 31 76 23 976 0 0 1488 12 24 119 54
912 0 0 1920 24 16 149 71 977 0 2 978 2 0 | 81 36
913 0 0 1008 4 12 83 39 978 0 0 1968 8 24 161 75
914 0 2 1374 4 36 113 48 979 0 0 1080 4 24 89 37
915 0 0 1488 8 24 121 53 980 0 0 2016 48 24 145 67
916 0 0 1380 6 20 113 52 981 0 0 1320 8 2 107 48
917 0 0 1056 4 20 87 39 982 0 0 1476 4 10 122 50
918 0 0 1944 24 12 151 73 983 0 0 984 2 27 82 28
919 2 0 920 2 19 76 29 084 0 0 2016 16 24 161 75
920 0 0 1728 16 40 137 59 985 0 4 1188 4 24 97 43
921 2 0 1232 4 20 101 46 986 0 4 1620 8 44 131 55
922 0 2 1386 4 18 114 53 987 0 0 1536 8 2% 125 55
923 0 0 1008 4 30 83 32 988 0 0 1680 12 12 135 65
924 0 0 2304 24 2 181 85 989 0 0 1056 4 36 87 35
925 0 4 1140 12 12 89 42 990 0 0 2592 32 24 201 95
926 0 0 1392 4 40 115 48 991 2 0 992 2 17 82 33
927 0 0 1248 8 20 101 41 992 0 0 1536 16 32 121 53
928 0 0 1440 16 8 113 55 993 2 0 1328 4 12 109 52
929 0 2 930 2 36 77 30 994 0 0 1728 8 16 141 67
930 0 0 2304 16 24 185 87 995 0 0 1200 4 24 99 42
931 4 0 1120 16 18 85 37 996 0 0 2016 12 24 163 76
932 0 0 1404 6 24 115 52 997 2 2 998 2 14 82 38
933 0 0 1248 4 16 103 43 998 0 0 1500 4 26 124 56
934 0 0 1404 4 26 116 52 999 0 0 1368 12 24 109 43
035 0 0 1296 8 28 105 39 1000 0 0 1800 40 20 131 61
936 0 0 2016 32 % 153 71
937 2 2 938 2 20 77 34
938 0 0 1632 8 %6 }gg 63
939 2 0 1256 4 4 44
940 0 0 1728 12 12 139 67 References
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